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Abstract. We prove that mutation of cluster-tilting objects in triangulated 
2-CaIabi-Yau categories is closely connected with mutation of quivers with 
potentials. This gives a close connection between 2-CY-tilted algebras and 
Jacobian algebras associated with quivers with potentials. 

We show that cluster-tilted algebras are Jacobian and also that they are 
determined by their quivers. There are similar results when dealing with tilting 
modules over 3-CY algebras. The nearly Morita equivalence for 2-CY-tilted 
algebras is shown to hold for the finite length modules over Jacobian algebras. 
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Introduction 

The Fomin-Zelevinsky mutation of quivers plays an important role in the theory 
of cluster algebras initiated in [FZ^. There is, motivated by this theory via [MRZ] . 
a mutation of cluster-tilting objects in cluster categories, and more generally Horn- 
finite triangulated 2-Calabi-Yau (2-CY for short) categories over an algebraically 
closed field K [B MRRTl IIY) . This has turned out to give a categorical model for 
the quiver mutation in certain cases [BMR21 IBIRS| . On the other hand there is the 
recent theory of mutation of quivers with potentials (Q, W), initiated in [DWZlj . 

Associated with cluster-tilting objects T in 2-CY categories C are the endomor- 
phism algebras Endc(r), called 2-CY-tilted algebras. And associated with a quiver 
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with potential {Q,W) are algebras called Jacobian algebras in f DWZlj . The mu- 
tation of cluster-tilting objects induces an operation on the associated 2-CY-tilted 
algebras and the mutation of quivers with potentials induces an operation on the 
associated Jacobian algebras. The theme of this paper is to investigate these classes 
of algebras and their relationships, in particular with respect to mutation. In ad- 
dition to cluster-tilting objects in triangulated 2-CY categories, we also deal with 
mutation of tilting modules over 3-CY algebras, and their relationship to mutation 
of quivers with potentials. We now state the main results of this paper, referring 
to section [1] for definitions and background material. 

(A) Starting with a cluster-tilting object T in a 2-CY category C such that 
Endc(T) is Jacobian, our main theorem states that the two mutations "coincide" 
fTheorem lS.ip . The same type of result is proved for tilting modules over 3-CY alge- 
bras (Theorem 15. 2p . Our basic idea for the proof is to use the relationship between 
Jacobian algebras and 2-almost split sequences introduced in J2, lY , which is a 
higher analogue of the classical relationship between mesh categories of translation 
quivers and almost split sequences [Riei IBGi lITli IIT21 HT] . 

(B) The results in (A) can be used to show that large classes of 2-CY-tilted 
algebras are Jacobian. In particular, a main result is that cluster-tilted algebras, 
which are an important subclass of 2-CY-tilted algebras, are Jacobian (Corollary 
15. lip . This is an easy consequence of Theorem 15.11 

More generally we show that a large class of 2-CY-tilted algebras coming from tri- 
angulated 2-CY categories associated with elements in Coxeter groups (see [BIRSp 
are also Jacobian (Theorem 16. 4p . 

(C) It is an open question whether there exists a (mutation-) operation on alge- 
bras with the following property: Endc(T) should be sent to Endc(r*), when T is 
a cluster-tilting object in a triangulated 2-CY category and T* is a cluster-tilting 
object obtained from T by mutation. 

Similarly, in DWZl] a question was posed, asking if there is a (mutation-) oper- 
ation defined on algebras with the property: the Jacobian algebra P{Q, W) should 
be sent to the Jacobian algebra P{Q', W), when {Q, W) is a quiver with potential 
and {Q' , W) is a quiver with potential obtained from (Q, W) by mutation. 

It is an easy consequence of (A) that both questions have an affirmative answer 
for 2-CY-tilted algebras which are Jacobian. By recent results in [X], Jacobian 
algebras of Jacobi-finite QP's have this property (Theorem 15. 121 Corollarv l5.13p . 

(D) Another main result in this paper is that cluster-tilted algebras are deter- 
mined by their quivers. This was shown for finite representation type in [BMR3| . 
We here give a short proof of this fact (Theorem 12. 3p . Alternatively, it is also a 
direct consequence of (A). 

(E) One of the starting points of tilting theory is the reflection functors [BGP[ 
EPR], giving a nearly Morita equivalence, in the terminology of |Rinj . meaning 
^^^^ [add si] — [adds' ] ' ^^^^^ and S'[. are the simple modules associated with 
the vertex fc, where A: is a sink or a source in the quiver of the path algebra A, and 
A' is the path algebra obtained by changing direction of all arrows adjacent to k. 
An important property of cluster-tilted algebras (and more generally 2-CY-tilted 
algebras), is that this nearly Morita equivalence generalizes in the sense that one 
replaces reflection at a source/sink with mutation at any vertex [BMR1[ iKRlj . A 
consequence of this is that the cluster-tilted algebras (in one mutation class) have 
the same "number" of indecomposable modules. In view of the close connection 
between 2-CY-tilted algebras and Jacobian algebras it is natural to investigate if a 
property known to hold for one of the classes also holds for the other one. In this 
spirit we show that nearly Morita equivalence holds also for two Jacobian algebras 
where one is obtained from the other by mutation of potentials (Theorem 17. ip . 
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We show this also for algebras which are not finite dimensional, dealing with the 
category of finite length modules. In view of our previous results, this gives a 
generalization of the above result for cluster-tilted algebras. For the proof we use 
a functorial approach to results and techniques of pWZl] , 

The organisation of the paper is as follows. In section 1 we collect some known 
results on the different kinds of mutation and on cluster-tilted algebras. In section 2 
we prove that cluster-tilted algebras are determined by their quiver. The connection 
between cluster-tilting mutation and mutation of quivers with potential is given 
in sections 3,4 and 5. In section 6 we show that a class of 2-CY-tilted algebras 
associated with reduced expressions of elements of the Coxeter groups are given 
by QP's, which are rigid in the sense of [DWZlj . The result on nearly Morita 
equivalence is given in section 7. 

The results in this paper have been presented at conferences in Oxford and Ober- 
wolfach |Re^ l-i , That cluster-tilted algebras and some of the 2-CY-tilted algebras 
associated with elements in Coxeter groups are Jacobian is proved independently 
in [K3) using completely different methods (see also :AJ. We have been informed 
by Zelevinsky that the result on nearly Morita equivalence is independently proved 
in [DWZ2j . Our result (A) on 3-CY algebras is related to results of Vitoria V and 
Keller- Yang [KY] . 

Conventions All modules are left modules, and a composition ab of morphisms 
(respectively, arrows) a and b means first a and then b. We denote by s(a) the start 
vertex of an arrow or path a and e(a) denotes the end vertex. For an algebra A 
we denote by mod A the category of finitely generated A-modules, and by f. 1. A the 
category of finite length A-modules. We denote by J a the Jacobson radical of an 
algebra A, and by Jc the Jacobson radical of an additive category C. For an object 
T in an additive category C we denote by Qt the quiver of Endc(T'). 



In this section we discuss different kinds of mutations. We first recall the Fomin- 
Zelevinsky mutation of quivers and the recent mutation of quivers with potentials 
from [DWZlj . Then we consider the mutation of cluster-tilting objects in 2-Calabi- 
Yau (2-CY) categories, which often gives a categorical modelling of quiver mutation. 
A main theme of this paper is the comparison of the last two mutations. Since 
cluster-tilted algebras play a central role in this paper, we recall their definition 
and some of their basic properties. Finally, we consider mutation of tilting modules 
over 3-Calabi-Yau algebras, which will also be compared to mutation of quivers 
with potentials. 

1.1. Mutation of quivers. Let Q be a finite quiver with vertices l,...,n, and 
having no loops or 2-cycles. For any vertex k, Fomin-Zelevinsky |FZ| defined a new 
quiver iik{Q) as follows. Let 6^- and 6^^ denote the number of arrows from i to j 
minus the number of arrows from j to i in Q and /ife(Q), respectively. Then we 
have 



Clearly we have fJ^kifJ'kiQ)) — Q- This mutation is an essential ingredient in the 
theory of cluster algebras initiated in |FZj . Note that if the vertex fc is a sink 
or a source, then this mutation coincides with the Bernstcin-Gelfand-Ponomarev 
reflection of quivers |BGP| . 



1. Preliminaries on mutation 
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1.2. Mutation of quivers with potentials. Let Q be a finite connected quiver 
without loops, and witli vertices and set of arrows Qi. We denote by 

KQi the vector space with, basis Qi consisting of paths of length i in Q, and by 
KQi^cyc the subspace of KQi spanned by all cycles. Consider the complete path 
algebra 

kq^\{kq, 

i>0 

over an algebraically closed field K. A quiver with potential { QP for short) is a pair 
{Q, W) consisting of a quiver Q without loops and an element W € ni>2 KQi,cyc 
(called a potential). It is called reduced if W £ ni>3 -^Qi,cyc- The cyclic derivative 
daW is defined by da{ai ■ ■ ■ ag) = J2a =a '^i+i ' ' ' ^^^^ ' ' ' "i-i ^^'^ extended linearly 
and continuously. A QP gives rise to what has been called the associated Jacobian 
algebra jPWZlj 

PiQ,W)=KQ/J{W), 



where J^W) — {daW \ a £ Qi) is the closure of the ideal generated by daW with 
respect to the J^r^-adic topology. 

Two potentials W and W are called cyclically equivalent ifW — W G [KQ, KQ], 
where [— , — ] denote the vector space spanned by commutators. Two QP's {Q, W) 
and {Q',W') are caUed right- equivalent if Qo = Q'o and there exists a i^T-algebra 
isomorphism 0: KQ — > KQ' such that 0|q„ ~ id and and W are cyclically 

equivalent. In this case induces an isomorphism V{Q,W) ~ ViQ' ,W'). It is 
shown in [DWZlj that for any QP {Q,W) there exists a reduced QP (Qrod, Wiod) 
such that V{Q,W) ~ V{Qied,Wred), which is uniquely determined up to right- 
equivalence. We call (Qred, Wred) & rcduccd part of (Q, W). For example, a reduced 
part of the QP (Q, W) below is given by the QP (Qiod, M^rcd) below. 



{Q,W) - 1-^2^3 ,cd+a6dj (grcd,M^rcd) = (^1^2^3,0 

A QP {Q,W) is called rigid jPWZlj if the deformation space 'P{Q,W)/{KQo + 
[r{Q,W),V{Q,W)]) is zero, or equivalently = J{W) + [KQ,KQ] holds. 

A mutation fik{Q, W) of a QP [Q, W) is introduced in [DWZl] for each vertex k 
in Q not lying on a 2-cycle. It is defined as a reduced part of (Q', W) = JikiQ, W), 
the latter one being given as follows. Replacing by a cyclically equivalent po- 
tential, we assume that no cycles in W start at k. 

(a) Q' is a quiver obtained from Q by the following changes. 

(i) Replace the fixed vertex fc in Q by a new vertex fc*. (Although fc and fc* 
are identified in |DWZlj . we distinguish them to avoid any confusion.) 

(ii) Add a new arrow [ab] : i j for each pair of arrows a: i ^ k and 
b: k ^ j in Q. 

(iii) Replace each arrow a: i ^ fc in Q by a new arrow a* : fc* — s- i. 

(iv) Replace each arrow 6 : fc — > j in Q by a new arrow b* : j k* . 

(b) W = [W]+ A where [W] and A are the following: 

(i) [W] is obtained by substituting [ab] for each factor ab in W with a: i ^ 
fc and b: j k. 

(ii) A= J2 a*[ab]b*. 

e(a) = fc = s(6) 

Then fc* is not contained in any 2-cycle in ^k{Q,W), and fJ.k^{^J'k{Q,W)) is right- 
equivalent to (Q, W) |DWZlj . Note that if both Q and the quiver part of fikiQ, W) 
have no loops and 2-cycles, then they are in the relationship of Fomin-Zelevinsky 
mutation. 
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For example, we calculate ^2('9, W) and ^2* (M2(Q, Wj) for the QP {Q, W) be- 
low. (For simplicity we denote a** and b** by a and b respectively.) 



■3 ,0 



iQ,w) = 

[b'a-] 



-2-^3 ,[ab][b*a*]+b[b*a*]a 
[ab] jf 



reduced 



■ 2* 3 , a''\a)S\b* 

[ah] ■ 



3 ,0 



1.3. Mutation of cluster-tilting objects. Let C be a Horn- finite triangulated 
if-category, where K is an algebraically closed field. We denote by [1] the shift 
functor in C, and Ext^(yl,i3) = Homc(A, Then C is said to be n-Calabi-Yau 

(n-CY ioT short) if there is a functorial isomorphism 

DRomciA, B) ~ Extc(B, A) 

for A,B ixiC and D = Homif( ,if). Note that this is called weakly n-Calabi-Yau 
in [E|. 

Let C be 2-CY. An object T in C is cluster-tilting if 

addT = {X e C I Extc(r,X) = 0} 

(see |BMRRTl ll2l lKRT] ). In this case the algebra Endc(T) is called a 2-CY-tilted 
algebra. 

Let T — Ti © T2 © • • • © r„, where the are nonisomorphic indecomposable 
objects. For each k = 1, . . . ,n there is a unique indecomposable object in C 
with 9^ Tfc such that (T/Tk) ® Tj!' is a cluster-tilting object in C, and we write 
fx^{T) = {T/Tk) ® T*. Clearly we have ^ikMT)) ~ T. There are associated 
exchange triangles 

T* ^ Uk ^ Tk ^ T*[l] and T^ ^ C T* ^ Tk[l] 

where / and /' are minimal right add(r/Tfe)-approximations, and g and g' are 
minimal left add(T/rfc)-approximations |BMRRT|. HY] . 

In general, for a category C and a full subcategory C' , we denote by [C'](X, F) 
the subgroup of Homc(X, Y) consisting of morphisms factoring through objects in 
C' . Then [C'] forms an ideal of the category C. 

We have an equivalence Homc(T, ): C/[addT[l]] ~ modEndc(r) by |BMR1|. 
IKRT] . Using this, we have an equivalence 

modEndc(r) _ mod Endc(Mfc(r)) 
[add Sk] ~ [add 5^] ' 

where 5*^ and are the simple modules associated with Tk and Tj^ . Thus Endc {T) 
and Endc(/ife(r)) are by definition nearly Morita equivalent. 

We say that a 2-CY category C has no loops or 2-cycles if the quiver Qt of 
Endc(T) has no loops or 2-cycles for any cluster-tilting object T in C (see [BIRSj ) . 
Under this assumption we have the following important connection with the Fomin- 
Zelevinsky quiver mutation. For a cluster-tilting object T we have 

Qtj.k{T) - t^kiQr) 

by |BMR2[[BlRS] . Hence C has a cluster structure in the sense of [BIRSj . 
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1.4. Cluster-tilted algebras. Cluster categories are by definition the orbit cate- 
gories Cq = V''{KQ)/t-^[1], where Q is a finite connected acyclic quiver, T>^{KQ) 
is the bounded derived category of the finite dimensional (left) i^TQ-modules, and r 
is the AR-translation in V^^KQ), see [BMRRT' . These orbit categories are known 
to be triangulated by [Klj . and are Horn-finite 2-CY [ BMR RTj . The cluster-tilted 
algebras are by definition the 2-CY-tilted algebras coming from cluster categories 

[BMEi]. 

For cluster categories Cq, the cluster-tilting objects are induced by tilting KQ'- 
modules over path algebras KQ' derived equivalent to KQ. It is known [BMRRT] 
that given any two cluster-tilting objects in Cq, then one can be obtained from the 
other by a finite sequence of mutations of cluster-tilting objects, and hence there is 
only one mutation class of cluster-tilted algebras by [BMRRT] . based on [HUj . 

By (fBR] in the Dynkin case) the quiver of Endcg (T) is obtained from the 

quiver of the tilted algebra End^g' (T) by adding an arrow in the opposite direction 
for each relation in a minimal set of relations. In particular, we have the following, 
which is also easily seen directly. 

Lemma 1.1. Let T be a tilting module in mod KQ. Then EndcgCT) — KQ' for a 
quiver Q' with no oriented cycles, if and only i/EndKQ(T) ~ KQ' . 

If the quiver Qt of a 2-CY-tilted algebra coming from a 2-CY category C is 
acyclic, then it follows from [KRlj that Endc(r) — KQt- Moreover if C is a con- 
nected algebraic triangulated category (that is, the stable category of a Frobenius 
category) , then C is equivalent to the cluster category Cq,, [KR2j . 

1.5. Mutation of tilting modules over 3-Calabi-Yau algebras. Let i? be a 

formal power series ring i4r[[a;, y, z]] of three variables over an algebraically closed 
field K, and let A be an i?-algebra which is a finitely generated i?-module. We call 
A 3-Calabi-Yau {3-CY for short) if the bounded derived category 2?'^(f. 1. A) is a 
3-CY category jHEl EEl [Gl . It was shown in (IR) that A is 3-CY if and only if 
A is a free i?- module which is a symmetric i?-algebra with gl. dim A = 3. Rickard 
proved that 3-CY algebras are closed under derived equivalences (see |IR| ) . 

Let A be a 3-CY algebra. For a basic tilting A-module T of projective dimension 
at most one, we have another 3-CY algebra F — EndA(r). We take an indecompos- 
able decomposition T = Ti® ■ ■ ■ ® T„. Let efe G F be the idempotent corresponding 
to Tfc for fc = 1, . . . , n. We let Ik = F(l — efc)F. Let us recall the following result 
HSl Th. 5.4, Th. 7.1]. 

Proposition 1.2. IfV/Ik £ f. 1. F, then there exists a minimal projective resolution 

Q^Tck^Pi^Po^ Teu T/h ^ (1) 

with Pq,Pi G addF(l — e^) satisfying the following conditions. 

(a) Applying IIomr(— ,F) to we have an exact sequence 

^ efeF ^ Honir(Po, F) ^ Homr(Pi, F) ^ e^F ^ T/h ^ 0. (2) 

(b) Let T* = Ker(T ®r /o) and fik{T) = (T/T^) © T* . Then Hk{T) is a basic 
tilting A-module of projective dimension at most one and T^ '^T^. 

(c) If Qt md Q^^(T) have no loops or 2-cycles, then Q^^(t) — fJ-kiQr) holds. 

Notice that we can not drop the assumption T/Ik € f. 1. F, which is automatically 
satisfied if Qt has no loops at k. We need the following additional information for 
later application. 

Proposition 1.3. IfV/Ik G f . 1. F, then the following assertions hold. 
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(a) There exist exact sequences ( called exchange sequences ) 

O^T^ £,Uk^ Tk and ^ Tfe ^ C/^ A 

such that f and f are right SLdd{T /Tk) -approximations, and g and g' are 
left aAA{T /Tk)- approximations. 

(b) In the category of finitely generated K-modules with projective dimension at 
most one, g and g' are kernels of f and f respectively, and f and /' are 
cokernels of g and g' respectively. 

(c) The complex Tk U'f. Uk ^ Tk induces exact sequences 

^ {T,Tk) ^ [T, U'^) ^ (T, Uk) ^ [addT/Tk]iT,Tk) 0, 

0^iTk,T)^ {Uk,T) ^ {U'^,T) ^ [addr/rfe](Tfe,T) ^ 0. 

If Qt ho.s no loops at k, then we have [add T/Tfc] (T, T^) = Jmod a(7^, Tfc) 
and [addT/Tk]{Tk,T) = JaiodA{Tk,T). 

(d) The complex T^ Uk U'f. ^-^ T^ induces exact sequences 

^ {MT),T;) ^ {MT),Uk) ^ {MT),U;,) A [addT/Tk]{fik{T),T^) ^ 0, 
^ {TZ,^ik{T)) A (UifikiT)) ^ {Uk,fik{T)) ^ [addT/Tkm,fik{T)) ^ 0, 

IfQr has no loops at k, then we have [addT/Tk] {pk{T) ,T^) = JniodAif-kiT), T^) 
and [&ddT/Tk]{T;,^ik{T)) = Jmod a(T*, Mfc(T)) 

Proof. (a)(c) We have Tot\{T,T / h) ^ for any i > 1. Applying T ®r - to the 
sequence ^ and putting Uk ~ T ®r Po and U^. ~ T ®r -Pi, we have the exact 
sequences in (a). 

Since the functor T(8)r : addpf addAT is an equivalence and the sequence ((!]) 
is exact, we have that / and /' are right add(T/Tfc)-approximations, and that the 
upper sequence in (c) is exact. Since the functor Homr°p( ,T): addFr — ^ addAT' 
is a duality and the sequence ^ is exact, we have that g and g' are left add(r/rfc)- 
approximations, and that the lower sequence in (c) is exact. 

(b) Clearly g and g' are kernels of / and /' respectively. Since A is 3-CY, we 
have ExtX(f. 1. A, A) = for < i < 2 jlR]. Thus any T-module X with projective 
dimension at most one satisfies ExtX(f. 1. A, A) = for i = 0,1. On the other 
hand, since T/Ik £ f . 1. F by our assumption, we have that Cok/ = T ®r (r//fc) 
and Cok/' = Tor[(T, T/Ifc) are in f . 1. A. Thus we have ExtX(Cok/,A) = = 
Ext\(Cok /', A) for i — 0,1. This implies that / and /' are cokernels of g and g' 
respectively. 

(d) Let r = EndA(Atfc(T)) and /[. = r'(l - efc)r'. We wih show E'//^ e f.l.F'. 
Then we have the desired assertion by applying the argument in (c) for ^k{T) 
instead of T. 

For any p e JmodhiT^iT^), there exists q e EndA and r G EndA(rfc) which 
make the diagram 

^Tk^Ul^T; 

r q p 

^Tk^Ul^T; 

commutative. It is not difficult to check that the correspondence p ^-^ r gives a 
well-defined isomorphism F'/J^ — > T /Ik. 

In particular, Qt has no loops at k if and only if Qh^(t) has no loops at k. □ 
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2. Cluster-tilted algebras are determined by their quivers 

In this section we prove that cluster-tilted algebras are determined by their 
quivers. Alternative proofs using potentials will be given as a consequence of the 
main result in section [5l 

First we prove the following. 

Lemma 2.1. Let T he a cluster-tilting object in some cluster category Cq, with Qt 
an acyclic quiver. Then Cq^ is equivalent to the cluster category Cq. 

Proof. Although the assertion follows from the main r csult in [KR2] . we give an 
elementary proof here. 

We know that T is induced by some tilting i^Q'-module U , where KQ' is de- 
rived equivalent to KQ. Since EndcQ(r) — KQt, we have by Lemma 11.11 that 
Ending/ ([/) ~ EndcQ,(T) ~ EndcQ(r) ~ KQt, so that KQ' and KQt are also 
derived equivalent. Hence KQ and KQt are derived equivalent, so that the cluster 
categories Cq and Cg^ are equivalent. □ 

Lemma 2.2. Let Q be an acyclic quiver andCQ the associated cluster category. Let 
T be a cluster-tilting object in Cq such that the quiver Qt o/Endc(r) is isomorphic 
to Q. Then there is an autoequivalence of triangulated categories F: Cq — s- Cq with 
F{T) - KQ. 

Proof. We have that T is induced by a tilting KQ'-modu\e U, satisfying EndKQ' (U) c 
KQ by Lemma ll.ll Then we have a commutative diagram 

RHom^Q,(;7, ) 

U e V^{KQ') ^V^\KQ) 3 KQ 



Y 

T e Cq ^Cq 3 KQ 

where KRouiKQ'iU, ): V^{KQ') V^{KQ) is an equivalence of triangulated 
categories since U is a. tilting module pi]. Hence RHomi^-g/ (t/, ) commutes with 
T and [1], so that there is an equivalence F : Cq Cq oi triangulated categories, 
with F{T) ~ KQ. □ 

Using this we get the following 

Theorem 2.3. Let Ti and T2 be cluster-tilting objects in the cluster categories Cq-^ 
and Cq^ respectively, and assume that the quivers Qti and Qt2 o.t^ isomorphic. 
Then there is an equivalence of triangulated categories F: Cq-^ — > Cg^ such that 
F{Ti) ~ T2. In particular Endcg^ (Ti) ~ Endc^^ (T2) holds. 

Proof. We have a sequence of mutations fi — fiki o • • ■ o fJ-ki such that fi{KQi) ~ Ti 
in Cgj. Let T be a cluster-tilting object in Cq^ such that fJ-{T) ~ T2. Since 
Qti — Qt2i we have Qi ~ Qt- Hence by Lemmas l2 . 1 I and l2 . 2l there is an equivalence 
of triangulated categories F : Cq^ Cq^ such that F{KQi) ~ T. Since cluster- 
tilting mutations commute with equivalences of triangulated categoires, we have 

F(Ti) ^ F(p{KQ^)) ^ fi{F{KQ,)) ~ fi{T) T2, 

and consequently Endcg^ (Ti) ~ Endcg^ (^2)- D 

We can strengthen the above theorem as follows. 

Corollary 2.4. Let Ti be a cluster-tilting object in a cluster category and T2 a 
cluster-tilting object in an algebraic 2-C'Y triangulated category C without loops or 
2-cycles. If Qti — Qt2, then Endc(Ti) ~ Endc(T2)- 
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Proof. By the same argument as in the proof of Theorem l2.31 there exists a sequence 
fi of mutations such that fJ-(T) ~ T2 and Qt is acychc. Since C is assumed to be 
algebraic, it follows from [KR2] that C is equivalent to Cq^,, so the result follows 
from Theorem 12.31 □ 



3. Preliminaries on presentation of algebras 

In this section we consider presentations of algebras, which are important for the 
rest of this paper. 

Let K as before be an algebraically closed field and F a if-algebra with Jacobson 
radical Jr. We regard F as a topological algebra via the Jp-adic topology with a 
basic system { Jp}i>o of open neighborhoods of 0. Thus the closure of a subset S 
of r is given by 

S=f]{S + 4). (3) 

e>o 

We assume that F satisfies the following conditions: 

(Al) F/Jr ~ if" for some n> and diuiKiJr/ Jr) < cOj 

(A2) the Jr-adic topology on F is complete and separated, i.e. F ~ lim^^^ ^/ Jf- 

For example, finite dimensional X-algebras, complete path algebras KQ of finite 
quivers Q, and algebras over R = K[[xi, . . . ,Xd]] which are finitely generated R- 
modules satisfy (Al) and (A2). If : A — > F is a homomorphism of i^-algebras 
satisfying (Al), then Ja C (f>~^{Jr) holds. In particular is continuous. 

Let Q be a finite quiver. It is convenient to introduce the following concepts. For 
a E Qi, define a right derivative : ~* KQ and a left derivative 9^ : ^ 

KQ hy 

dl{aia2 ■ ■ ■ am-iam) 
d{{aia2 ■ ■■am-iam) 

and extend to linearly and continuously. Then is a homomorphism of KQ- 

modules and 5^ is a homomorphism of KQ -modules. Clearly for any p G '^kq 
we have 

v=Y. {d:p)a = Yl <^'-p)- 

For simplicity we call p £ KQ basic if p is a formal linear sum of paths in Q with a 
common start i and a common end j. In this case we write s(p) = i and e{p) — j. 
Clearly any ideal of KQ is generated by a set of basic elements. 
We start with the following important fact. 

Proposition 3.1. Let T be a K -algebra satisfying (Al) and (A2), and let Q be 
a finite quiver. Assume that we have a K -algebra homomorphism 0o ■ KQq —>■ F 
and a homomorphism 0i : KQi Jr of {KQq, KQQ)-modules. Then the following 
assertions hold. 

(a) 00 o.'f^d (j)i extend uniquely to a K -algebra homomorphism (p: KQ — > F. 
Moreover Keri/) is a closed ideal of KQ. 

(b) The following conditions are equivalent. 

(i) (j): KQ — > F is surjective. 

(ii) 00 o'lT'd 01 induce surjections KQq -^T/ Jr and KQi Jr/ Jp. 



0.102 ■ ■ ■ flm-l if Om = a, 

otherwise, 

02 • ■ • ajn-iOm if ai = a, 

otherwise. 
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(iii) 00 induces a surjection KQq — )■ T/Jr, and for any i G Qq we have an 
exact sequence 

r(Ma))^^r(«^0. 

oeQl, e{a)=i 

(iv) (pQ induces a surjection KQq F/Jr, and for any i € Qq we have an 
exact sequence 

QGQi, s{a)=i 

Proof, (a) The first assertion is clear. We observed that (j) is continuous. Thus {0} 
is a closed subset of T and its inverse image Ker is a closed subset of KQ. 

(b) (ii)^(i) (j) induces a surjection : KQi J^/ J^'^^ for any i. For any a; e F, 
there exists Xi G Jp and pe G KQg such that x^+i = Xi — (f>i{pi). Then we have 
'/'(Ef>oW) = X. 

(i)^(iii) It is enough to show that is in the image of {4ia)a for any basic element 
p G with e{p) = i. This follows from the equality p — X^aeQi ^'^aP)'^ since this 
implies (jyp = i(f>dlp)a ■ (0a) a ■ 

(iii)=>(ii) The sequence in (iii) induces a surjection ^^j^g^ F/Jr ^'^ ^''> Jt/Jy- 
The rest follows similarly. □ 

We shall need the following easy fact. 

Lemma 3.2. Let Q be a finite quiver and S a finite subset of J]^- For the ideal 
/=(S) ofKQ, we have I ^Y.vesiKQ)v + I ■ Qi and! = Y.^^^{KQ)v +1 ■ Qi. 

Proof. Since / is generated by S, we have the first equality. 

Let p € I. For any £ > we can write p = ri + r'g for some rg G I and r'g E jf. 
Thenpi = = ^e~^'i+i G ^HJp for ^ > 0. Letting po = wehavepo+Pi + 

■■■+Pi^P^ r't,+i. Thus p = J2i>oPi- We write pi = 'EvesPi,v^ + 'EaeQiPi.a"- 

for „ e KQ and p'l^ G /. Then p = E^es(E£>o^'^, J^' + EaGQi(E£>oP",a)a 
holds. Thus we have the second equality. □ 

We now give a result on description of relations. 

Proposition 3.3. Assume that the conditions in Proposition \3.lY b) are satisfied. 
For a finite set S of basic elements in J^fg , the following conditions are equivalent. 

(a) Ker0 = / holds for the ideal I ~ (S) of KQ. 

(b) The following sequence is exact for any i E Qq. 

TiMv))^^!^^^ F(0.(a))^ Jr(0*)^O. (4) 

■uGS, e{v)—i aGQi, e{a)—i 

(c) The following sequence is exact for any i G Qq. 

(^e(.))Fi^^^ (0e(a))F ^ (0z) Jr - 0. 

Proof. (a)=^(b) Since 

(</)9», • (0a), = 0( ^ (a»a) - 0« - 0, 

aeQl, e{a)=i 
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the sequence is a complex. Now we assume that {pa)a G aeQi KQ{s(a)) satisfies 

e(o)=i 

{4>Pa)a ■ {4>a)a = 0. SiuCC 

Pad G Ker (f) = I, 

oeQl, e(a) — i 



there exists qy e KQ by Lemma 13.21 such that 

Paa-y^^qyV el -Qi- 

aeQi, e(a)=i fGS 

Applying on both sides, we have 

Pa - ^ qvdlv e 7 = Ker (j). 
lies 

Thus e 0,„gs. e(t,)=jr(s(w)) satisfics 

(b)=>(a) We shall show that Ker0 — I. Take any t; G S with e{v) = i. Since ([4]) 
is exact, we have 

0« = 0( ^ (9»a) = • {^a)a = 0. 

a£Ql, e(a)=i 

This implies f e Ker (p and / C Ker 0. Since Ker is a closed ideal by Proposition 
13. H we have / C Ker (j). 

To prove Ker (pel, we will first show that, for any p G Ker (p, there exists p' £ I 
such that p~p' £ (Ker0) ■ Qi. Without loss of generality, we can assume that p is 
basic with e(p) = i. Since 

{(t>daP)a ■ i(pa)a = (pp = 

holds, we have that [cpd^p)a factors through the left map {(j)d^v)v,a in HI). Thus 
there exists g„ G KQ such that {(j)dlp)a = {(pqv)v ■ [<pdav)v,a- Then 

dip- 51 qvdlveKev<p. 

v^Bi, e(v)—i 

Hence 

P- X! ^"'""^ X! i^lP- X! qvdlv)a£{KcT(p)-Qi. 

i;(iS, e{v)—i a^Qi, e{a)—i iJ(zS, e{v)—i 

It follows that p' = X^ues e{v)=i ^ ^ ^ satisfies the desired condition. 
Consequently we have Ker C / + (Ker p) ■ Qi. This implies 

Ker0 C / + (/ + (KeTcP) ■ Qi) ■ Qi ^ I + (Ker0) ■ c • ■ • c / + (Ker<j!)) • Q^^ 

for any £. By ([3]), we have Kei-<p C /. 

(a)<J4>(c) can be shown dually. □ 

We give a relationship between the dimension of Ext^-spaces and minimal sets 
of generators for relation ideals in complete path algebras (cf. [Bon) lY]). Note 
that the corresponding result is not true in general if we deal with ordinary path 
algebras KQ instead of KQ. See |BIKR1 section 7] for an example. Note however 
that if KQ/{S) is finite dimensional, then the corresponding result is true. 

Proposition 3.4. Let Q be a finite quiver, J — Jj^, I a closed ideal of KQ 
contained in J^, and T — KQ/I. Let S be a finite set of basic elements in I. 



12 



BUAN, lYAMA, REITEN, AND SMITH 



(a) S spans the K -vector space I/{IJ + JI) if and only if I = (S). Moreover S 
is a basis of the K -vector space 1/ {IJ + J I) if and only if S is a minimal 
set satisfying I — (S). 

(b) If S is a minimal set satisfying I = (S) , then we have 

dimx ExtliS^, Sj) = #{iKQi) n S = dimA' i{II{IJ + JI))j 
for any simple T-modules Si and Sj associated with i,j e Qq. 

Proof, (a) Assume first that S spans I /{U + J I), and let /' = (S). Then we have 
I^r + IJ + JI. This impUes 

/ = i'+{i'+ij+ji)j+j{i'+ij+ji) = r+ij'^+jij+j^i = •■■ = /'+ XI •^'^•^'^ 

0<i<£ 

for any £ > 0. Thus we have / C r\e>oi^' + J^) = I' and hence 1 = 1'= "(S). 

Next we assume that / = (S). By Lemma [3.21 we have / = (S) + IJ. Thus 
I = {S) + IJ + JI = KS + IJ + J I holds. 

The second equivalence is an immediate consequence of the first assertion. 

(b) The minimality of S implies that the projective resolution in Proposition 
IS.Sf b) is minimal. Thus we have the left equality. The right equality follows from 
(a) since (iKQj) n S is a basis of the if-vector space i{I/ {I J + JI))j. □ 

Now let C be a X-linear category satisfying the following conditions: 

(CI) C is Krull- Schmidt, i.e. any object in C is isomorphic to a finite direct sum 

of objects whose endomorphism rings are local. 
(C2) Endc(X) satisfies (Al) and (A2) for any basic object X eC. 

For a finite quiver Q and a field K, we denote by KQ also the category of 
finitely generated projective if Q-modules. We have the following observation from 
Proposition I3.1f a) . 

Lemma 3.5. For a category C satisfying (CI) and (C2) and a quiver Q, assume 
that an object $o* G C for any i e Qq and a morphism $ia G C{^s{a),^e{a)) 
for any a G Qi are given. Then $o md $i extend uniquely to a K-linear functor 
^■.KQ^C. 

Restating Proposition 13.31 we have the following result. 

Proposition 3.6. Let C be a category satisfying (CI) and (C2), and let Q be a 
finite quiver. Let $: KQ C be a K -linear functor, and let T = ^^^q^ For a 
finite set S of basic elements in Jj^ , the following conditions are equivalent. 

(a) $ induces a surjection (j): KQ —> Endc(T) with Ker0 = (S). 

(b) For any i € Qq, we have a complex 

v^S, e{v)—i aGQi, e{a)—i 

in addT which induces an exact sequence 
C{T, i^^^ C(T, Ma))^^MT,^i)^0. 

vGS. e{v)—i aGQi, e{a)—i 

(c) For any i G Qo? '^^ have a complex 

<i,e(a)i^^^ <Peiv) 

aGQl^ s{a)—i v^S, s{v)—i 
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in addT which induces an exact sequence 

vGS, s{v)—i aGQi, s{a)—i 

4. JACOBIAN ALGEBRAS AND WEAK 2-ALMOST SPLIT SEQUENCES 

In this section we study properties of Jacobian algebras of QP's. We also inves- 
tigate a variation of 2-almost split sequences and AR 4-angles discussed in [I2 | IIY] . 
which we call weak 2-almost split sequences. We show that there is a close rela- 
tionship between Jacobian algebras and weak 2-alniost split sequences, which will 
be used to prove the connection between mutation of QP's and of cluster-tilting 
objects in the next section. 

Let {Q, W) be a QP. For a pair of arrows a and b, we define d(a.b)W by 

d(a,b){aia2 ■ ■ ■ am) = ^ ai+2 ■ ■ ■ amCii ■ ■ ■ ai-i 

ai—a, ai^i—b 

for any cycle ai ■ ■ ■ a„i in W and extend linearly and continuously. Clearly e(a) ^ 
s{b) imphes 9(a,fc)T^ — 0. 

The following easy observation is useful. 

Lemma 4.1. (a) EaeQi (^(a,6)^)a ^ ^^W = EcsQi c(9(6,c)W^) for any b G 
Qi- 

(b) d^a.b)W = d^idbW) = dUdaW). 

We have the following property of Jacobian algebras of QP's. 

Proposition 4.2. Let [Q, W) be a QP and T = V{Q, W). Let : KQ T be a 

natural surjection. Then there exist complexes 

TiMb)) ^"^'--'^^--^ r(M«))^JrW-o, 

beQi aeQi 
s(b)—i e(a)—i 

(^,)r iMa))T i^^i^Jl^ (0e(6))r ^ {cb^)Jr - 

aSQi beQi 
e(a)— i s{b)—i 

which are exact except at the second left terms. 

Proof. Since d(^a,b)W = d^{dbW) = dl{daW) holds by Lemma 1131 the assertion 
follows immediately from Proposition IS.Sf al ^ (h) (c) . □ 

As an immediate application, we have the following consequence. 

Proposition 4.3. Let (Q, W) be a QP and F = ViQ, W). 

(a) Extp(S', F) = = Extpop(S",F) holds for any simple T-module S and any 
simple -module S' . 

(b) If T is a finite dimensional K -algebra, then idpF < 1 and idFp < 1. 

Proof, (b) follows immediately from (a). 

(a) Let S" be a simple F- module. By Proposition 14.21 there exists a complex 

P A, P 

of projective F- modules, which is exact at Pq, such that Cok/o = S and 

Homr(Po, T) ^ Homr(Pi, F) ^ Homr(P, F) (5) 
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is exact. We can take a morphism f2'- P' ^ Pi such that 

P®P' Pi^Pq^P^S^O 
gives a projective resolution of S. Since ([5|) is exact, we have that 

Homr(Po,r) ^Homr(Pi,r) Honir(P ® P', T) 
is exact. Consequently we have the desired properties. □ 

To study the property of Jacobian algebras of QP's categorically, we introduce 
the following concept. 

Definition 4.4. LetC be a category satisfying (CI) and (C2), andT G C an object. 
We call a complex 

in addr a right 2- almost split sequence if 

CiT,Ui) ^C{T,Uo) ^ JciT,X)^0 

is exact. In other words, fo is right almost split in addT and fi is a pseudo-kernel 
of fo in addr. Dually, we call a complex 

in addT a left 2-alniost split sequence if 

C([/o, T) ^ C{Ui,T) ^ Jc{X, T) ^ 

is exact. In other words, f2 is left almost split in addT and fi is a pseudo-cokernel 
of f2 in addT. We call a complex 

in addT a weak 2-almost split sequence ifUi Uq X is a right 2-almost split 

sequence and X — > Ui — > C/q is a left 2-almost split sequence. Note that we do not 
assume that /2 (respectively, fo) is a pseudo-kernel (respectively, pseudo-cokernel) 
offi. 

Remark The definition of weak 2-alniost split sequences given here is more general 
than 2-almost split sequences and AR 4-angles in [l2l IIYj . One difference is that 
we assume neither right minimality of /o nor left minimality of /2. This point is 
necessary to deal with Jacobian algebras of non-reduced QP's. Another difference is 
that our complex is not assumed to be a gluing of two exact sequences (respectively, 
triangles). This point simplifies our argument below. But note that we do not have 
uniqueness of weak 2-almost split sequences. 

We give a key observation which gives a relationship between weak 2-almost split 
sequences and Jacobian algebras of QP's. 

Tiieorem 4.5. LetC be a category satisfying (CI) and (C2), and let {Q,W) be a 
QP. Let KQ C be a K -linear functor, andT = ©^gQ^, Then the following 
conditions are equivalent. 

(a) $ induces an isomorphism V{Q,W) ~ Endc(T). 

(b) Any vertex i in Q gives rise to the following weak 2-almost split sequence 
in C 

$i ^ — ^ ^ $e(6) ^ — > ^ $s(a) ^ — ^i. 

fceQl, s{b)=i aGQi, e{a)=i 
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(c) Any vertex i in Q gives rise to the following right 2-almost split sequence 
in C 

* tl.\ (*9(a.i,)W)t,,„ ^ (<I.a)„ ^. 

<i>e(6) > ^ $s(a) ^ — $1. 

aGQi, e(a)=i 

(d) ^^2/ vertex i in Q gives rise to the following left 2-almost split sequence in 
C 

$z ^ — ^ $e(6) — > ^ $5(0). 

f>6Ql, s(b)=i a£Qi, e{a)=i 

Proof. We shall apply Proposition [3l] to S = {daW \ a € Qi}. 

(b) ^(c)(d) This is clear. 

(c) =>(a) By Lemma BTT b'). we have d(a.b)W = d^{dbW). Looking at the complex 

$e(6) ' > ^ $s(a) — $1, 

b&Qi, s{b) — i aEQi, e{a)=i 

we have the assertion by Proposition 13. 6r b')=» fa). 

(d) =4>(a) This is shown similarly. 

(a)^(b) By Proposition I3.6f a)^fb) fc) . we have exact sequences 

b£Qi, s(b)=i aEQi, e{a)=i 

C( T)i^^^^™^C( Mb),T)^Jc{<P^,T)^0. 

a&Qi; e{a)=i bEQi, s{b)=i 

Since 9(a,fc)VF = dl{dbW) = dl{daW) holds by Lemma HUl we have the assertion. 

□ 

We now give the following sufficient condition for an algebra to be a Jacobian 
algebra of a QP, which we will apply in section 6. We call a cycle 0102 •• • am in a 
quiver Q full if the vertices s(ai), • • • , s(a„i) are distinct, and if there is an arrow b 
in Q with s{b) and e{b) in the cycle, then there is some arrow a.i with s{b) = s{ai) 
and e(6) — e(a,i). 

Proposition 4.6. Let F 6e an algebra satisfying (Al) and (A2), and let [Q^W) be 
a QP satisfying the following conditions. 

(i) There exists a surjective K-algebra homomorphism (f>: V{Q,W) — > F such 
that Ker is the closure of a finitely generated ideal. 

(ii) Every cycle in W is full. 

(iii) The elements daW for all arrows a E Qi contained in cycles of W are 
linearly independent over K . 

(iv) dim^f Extp(S', S') < dim^^ Extp(S", S) for any simple T -modules S, S' . 
Then (j): 'P{Q, W) -^T is an isomorphism. 

Proof. Let / be the kernel of the ring homomorphism KQ F induced by in (i) . 
Then daW £ / for any a e Qi. 

Let J = J]^- We show that the image of daW for all arrows a G Qi contained 
in cycles of W in I /{IJ + J I) are linearly independent over K. We assume z = 
Si=i CidaiW is in IJ + JI for some ci, . . . , c™ in if and different arrows ai, . . . , Om 
contained in cycles of W. Fix a minimal set S' of basic elements satisfying / = (S') , 
which is finite by the assumption (i). We have an equality z = ^jPjQjrj (possibly 

an infinite sum) with qj S S' and pj , rj S KQ such that for each j one of pj and 
rj belongs to J. Assume z ^ 0. Then there exists a cycle C in 14^ such that daiC 
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appears in z for some i — l,...,m. We have da^C — pqr for paths p,q and r 
appearing in pj , qj and r j respectively for some j , and one of p and r is a nontrivial 
path. Let S and S' be simple F-modules corresponding to s{q) and e{q) respectively. 
Then we have Extr(S', S") ^ by applying Proposition ITiT b) to S'. By (iv), we 
have Extp(5',S') ^ 0, so there is an arrow in Q from e{q) to s{q). Since p or r 
is a nontrivial path, it follows that the cycle C is not full, a contradiction to (ii). 
Consequently we have z — 0. By (iii), we have that all Ci are 0. 

For each arrow i j lying on a cycle in W, we have a relation of the form 
daW, hence dim^f Extp(S'i, S'j) such relations, where Si and Sj denote the simple 
modules at the vertices i and j. We then have 

dimx ExtJ,(S'„ Sj) < dimx «(//(/ J + J/))j 

= dimx Extp(5j, S'i) < dimx Extp(S'i, Sj), 

where the first inequality follows by the above, the equality follows by Proposition 
I3.4r b). and the last inequality holds by (iv). Hence we have / = {daW | a e Qi) 
by Proposition [3TD(a) . It follows that cj) is an isomorphism. □ 

Now we study the relationship between weak 2-almost split sequences and ex- 
change triangles/sequences for the following two cases. 

(A) C is a 2-CY triangulated category and T is a basic cluster-tilting object. 

(B) C = mod A for a 3-CY algebra A and T is a basic tilting A-module of 
projective dimension at most one (section [T3]) . 

The following observation shows that weak 2-almost split sequences appear natu- 
rally in cluster-tilting theory. 

Proposition 4.7. Let C and T = Ti © ■ • ■ ® r„ satisfy one of the above (A) or 
(B). Assume that the quiver of Endc(r) has no loops at k. Glueing exchange 
triangles /sequences 

k -> Uk Tk and Tk — > (7^ — > 
given in sections \1.3\ and \1.5l we have weak 2-almost split sequences 

Tk ^Ul^Uk^Tk m addT, 
T* ^Uk^K^ T* m add/ife(r). 
Proof. The case (a) is shown in [lY , and the case (b) is shown in Proposition 

[L3i;c)(d). ■ □ 

In the rest of this section, we shall show the following converse statement of 
Proposition 14. 71 which plays an important role in the next section. 

Theorem 4.8. Let C and T = Ti © ■ • ■ © r„ satisfy one of the above (A) or (B). 
Assume that Qt has no loops at k. Then for any weak 2-alm,ost split sequence 

Tk^Ui^Ua^ Tk 
with fi^iJc, there exist exchange triangles/sequences 

T* ^Uo^Tk and Tk ^ Ui ^ T*. 

such that fi = g' g. 

We first give a proof for the case (B). Since /i G Jc, we have that /o and /2 
are minimal right and left add(T/Tfe)-approximations respectively. Consider any 
exchange sequences 

O^T*^Uo^Tk and O^Tk ^Ui^T*. 
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There is an automorphism p G Autc(C/i) such that /i = pg'g. Since {f2Pg')g = 
/2/1 = and g is injective, we have /2P5' = 0. Thus there exists q S AutcCTfe) such 
that g/2 = f2P- 

h /i 




Since /2 — qf2P ^, we have exchange sequences 







and 



Jfc > Ui — 



satisfying pg'g = /i 



In the rest of this section, we consider the case (A) . We need prehminary results. 
For a finite dimensional i^-algebra A, we let A° = A ®k A°p. The radical of a 
A'^-module M is given by JaM + MJ\, so we have top^c M = M /{JaM + MJa). 

Lemma 4.9. Let A be a basic finite dimensional K -algebra with pdA(-DA) < i. 
The A°-module top^c Ext^(_DA, A) is a direct summand of Ext^f^{A/ J\, A/ J\) . 



Proof. Take a minimal projective resolution 

• • • ^ Fi ^ Fo ^ A ^ (6) 
of the A°-module A. Applying — ^\ A/Ja, we have a projective resolution 

• ■ ■ > Pi ®A A/ Ja > Po ®A A/ Ja > A/ Ja 



of the A-module A/J\. 
Ini(/j+i (g) 1/ 



This is minimal since Im/^+i C JaPi + F^Ja implies 



LA/ J J C JA(Fi (g)A A/Ja). Thus we have 

Ext\(A/JA, A/Ja) = HomA(Pi ®a A/Ja, A/Ja) 

= HomA(A/ Ja (»a F, ®a A/Ja, A/ Ja) = £'(topAo P,)- (7) 
On the other hand, applying — (S)a (DA) to (H)), we have a projective resolution 

/2'?31da 



Pi 



5a > Po ®A -DA > DA 



of the A-modulc DA. Since pdA(£'A) < £, we have that Pg ®a -DA 
is a split epimorphism. Thus we have an exact sequence 





> Im /£ ® 1 



DA 



HomA(P^-i 



5 A -DA, A) > HomA(-P£ 



DA, A) ^ g © Exti(i:iA, A) 



for some projective A°P-module Q. In particular, the A°-module topAc ExtA(-DA, A) 
is a direct summand of topAc IIomA(J'£ ®a -DA, A). Since 

HomA(Pj'0A D'A,A) = HomAo(P£, Hom^pA, A)) = HomAc (P^ , A<=), 

we have top^c HoniA(P^ ®a DA, A) = J)(top^o Pe)- By ([7]), we have the assertion. 

□ 



Immediately we have the following observation. 

Lemma 4.10. Let A be a basic finite dimensional K-algebra with pdA(-DA) < 1. 
// the quiver of A has no loops at k, then P — Ae^ satisfies 

ExtliiyP, P) = UouiAiiyP, v{A/P)) Y.y±\{v{A/ P), P)+Y.y±\{vP, A/P) HomA(A/P, P). 
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Proof. Let M = Ext\(Z)A, A) and e = Ck- Since the quiver of A has no loops at k, 
we have 

e(Exti(A/JA, A/JA))e - Exti((A/ JA)e, (A/JA)e) = 

by Proposition 13.31 By Lemma [49l we have e(topAo M)e = 0. This imphes 

eMe = e{Jt^M + MJtC)e. 

Since the quiver of A has no loops at fc, we have cJa = eA(l — e)A and J\e = 
A(l — e)Ae. Thus we have 

eMe = e{JiyM + MJiC)e = eA(l - e)Me + eAf (1 - e)Ae. 

Since (i:'A)(l - e) v{k/P), we have 

(1 -e)A/e = Exti((i:>A)(l - e),Ae) = Exti(zy(A/F), P). 

Similarly, we have eAf(l ~e) ~ JLyit\{vP, A/P). Thus we have the desired equality. 

□ 

We also need the following easy observation. 

Lemma 4.11. Let C be a 2-CY triangulated category with a cluster-tilting object 
T. Let A = Endc(T') and F — C{T, — ) : C — s- mod A. Then we have a functorial 
isomorphism 

axY ■■ C{X[l],Y) ^ Exti(i.F(X), 
for any X,Y ^ addT. 

Proof. We have an equivalence F : addT ^ add A. Take a triangle 

X[l] ^ Ui ^ Uo ^ X[2\ (8) 

with Uq.Ui e addT. Applying F and using F{X[2]) ~ DC{X,T) = vF{X), we 
have a projective resolution 

^ F{Ui) ^ F{Uo) ^ vF{X) (9) 

of the injective A-module vF{X). 

Applying C{—,Y) to ([8]) and HomA(— , -F(l')) to Q and comparing them by 
Yoneda's Lemma on addT, we have a commutative diagram 

c(t/o, Y) ^ c{Ui,Y) ^ c{x[i],Y) ^ c(;7ohi], y) = 

; ( 

RomA{F{Uo),F{Y)) HomA(P(C/i), F{Y)) Exti(z.F(X), F(F)) 

of exact sequences. Thus we have an isomorphism 

C{X[1],Y) ^Ext\{^F{X),F{Y)), 
which is easily checked to be functorial for X,Y E addT. □ 
Now we have the following result. 

Proposition 4.12. Let C be a 2-CY triangulated category with a basic cluster- 
tilting object T = Ti © ■ • ■ © T„. Assume that Qt has no loops at k. Then any 
morphism in C(rfc[l],Tfc) factors through add((r/rfc)[l] © (T/Tk)). 

Proof. We use the notation in Lemma [4. Ill Let P = F{Tk) and / = vP. Then we 
have an isomorphism 

ar^.T, :C(Tfc[l],Tfc)^Ext]v(/,P). 
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It is easily checked that we have a commutative diagram 



C{Tk[l],T/n)-KC{T/Tk,n) 



c(Tfe[i],r,) 



Ext^(/, A/P) X HomA(A/P,P) 



Exti(/,P) 



whose horizontal maps are isomorphisms. Comparing the images of vertical maps, 
we have that aTk,Tk induces an isomorphism 

[r/Tfc](Tfe[l],rfe) -Exti(/,A/P)HomA(A/P,P). (10) 

Similarly, we have a commutative diagram 

F[l]xaT/Tfc,Tfc 



c(Tfe[i],(r/rfc)[i])xC((r/Tfc)[i],r,) 



c{Tk[i],n) 



HomA(/,i^(A/P)) X Exti(i^(A/P) 



Exti(/,P) 



whose horizontal maps are isomorphisms. Comparing the images of vertical maps, 
we have that aTf..T^ induces an isomorphism 

[(r/rfc)[l]](Tfc[l],Tfc) ^HomA(/,KA/P))Exti(i.(A/P),P). (11) 

Since Qt has no loops at k, we have 

Extjv(/, P) = HomA(/, iy{A/P)) Ext\(i/(A/P), P) + Ext]^(/, A/P) HomA(A/P, P) 
by Lemma 14.101 Using (fTO| and (fTT|) , we have 

ciTk[i],Tk) = [(r/rfe)[i]](rfc[i],rfe) + [T/Tk]{Tk[i],Tk), 

which shows the assertion. □ 



Now we are ready to prove Theorem 14.81 for the case (A). 

Since /i G Jc, we have that /o and /2 are minimal right and left B.dd{T/Tk)- 
approximations respectively. Consider any exchange triangles 

h 



T*[l] and Tk 



Ui 



Tt 



P9 9 



There are automorphisms p G Autc(J7i) and q E Autc(?7o) such that /i 
g'gq. If g'g = 0, then /i = and the assertion holds. Thus we can assume g'g ^ 0. 

(i) First we will show that there exists u € Endc(Tj!') such that g'ug = fi. 

Consider the following commutative diagram of triangles 

Tfc[l]^^t/i[l] 

(pg'm 

■Tm 

We have a morphism h e C(rfc[l], T^) which keeps the above diagram commutative. 
By Lemma there exist s e C{Ui[l],Tk) and t e C(rfc[l],;7o) such that h = 

/2[l]s + tfo. Since {gq — e't)fo — e'{h — tfo) = e'(/2[l])s = 0, there exists u G 
C{T^,T^) such that gq = e't + ug. 






{pg'm 
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In particular, we have /i = g' gq — g'ug. 

(ii) Next we will show that u is an automorphism. Then we have the assertion 
since we have exchange triangles 

T*k ^Uo^n^ T* [1] and Tt ^ Ui ^ T* Tk [1] 

satisfying /i = ig'u)g. 

Assume u e Jc- Then there exists v G Jc{Ui,Ui) such that g'u = vg'. Since 
pg'g = g'ug = vg' g, we have {p — v)g'g = 0. Since p — d is an automorphism 
by p G Autc(C/i) and v £ Jc{Ui,Ui), we have g'g = 0. This contradicts our 
assumption. □ 



5. Mutation of quivers with potentials and cluster-tilting objects 

In this section we use the results from section H] to show that there is a close 
connection between mutation of quivers with potentials on one hand and mutation 
of cluster-tilting objects in 2-CY triangulated categories in section [TT3l or mutation 
of tilting modules over 3-CY algebras in section 11.51 on the other hand. More 
specifically we will prove the following main results in this section. 

Theorem 5.1. Let C be a 2-CY triangulated category with a basic cluster-tilting 
object T. //Endc(T) ~ V{Q,W) for a QP {Q,W) and no 2-cycles start in the 
vertex k ofQ, then Endc(Mfc(r)) ~ V{^J.k{Q, W)). 

Theorem 5.2. Let A be a 3-CY algebra with a basic tilting module T oj projective 
dimension at most one. IfEnd\{T) ~ ViQ, W) for a QP {Q, W) and no 2-cycles 
start in the vertex k of Q, then EndA(/ife(T)) ~ 'P{p.k{Q^W)). 

To prove these theorems at the same time, we start with the following general 
setup: Without loss of generality, we can assume that (Q, W) is reduced since 
HkiQ^W) is right equivalent to /ifc(Qrcd, Wrcd)- 

Let C be an additive category satisfying (CI) and (C2). Let T = Ti © • • • ® 
T„ G C be an object with non-isomorphic indecomposable summands Ti, • • • ,T„. 
Assume that Endc(T) ~ V{Q, W) for a QP (Q, W). We have a surjective i^T-algebra 
homomorphism (f) : KQ — ^ Endc {T) , which induces a i^-linear functor $ : KQ — > C 
satisfying $i — Ti. We simply denote ^p by p for any morphism p in KQ. By 
Theorem 14. 5f a)^(b). we have a weak 2-almost split sequence 

b£Qi, s{b)=i a£Qi, e{a)=i 

in addT for any i — 1, - ■ ■ ,n, which we simply denote by 

Ua ^ Um ^ T,. (12) 

Then fn E Jc holds since {Q,W) is reduced. 

Now we fix fc = 1, • • • ,n and assume that there exists an indecomposable object 
Tj^ G C which does not belong to addT such that the following conditions are 
satisfied, where we let fik{T) = {T/Tk) ® T*. 

(I) There exist complexes 

k > Uki — > and T^^ — > Uko > Tk 

in C such that fki = hkgk- 
(II) Wc have the following weak 2-almost split sequence in add /ife(T). 

k ' f^feO > Ukl ^ Jfe 
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(III) The following sequence is exact. 

(IV) For any i ^ k, we have that Tk ^ (addUn) n (addC/^o) and the following 
sequence is exact. 

{T:,Ua) ^ (T,!,C/.o) ^ (T,*,T,). 
Our key result is the following. 

Theorem 5.3. Under the above conditions, we have Endc(/ifc(T')) — V{^k{Q, W)). 

Before proving Theorem 15. 3[ we notice that our main Theorems 15.11 and 15.21 
follow immediately from Theorem 15.31 and the following observation. 

Lemma 5.4. Let T he as in Theorem \5.1\ or \ 5. 21 Assume that {Q,W) is reduced. 
Then the above conditions (I)-(IV) are satisfied. 

Proof. Since Q has no loops and fn £ Jq holds, there exist exchange trian- 
gles/sequences 

T, ^ C/,1 T* and 7^* ^ t/,o ^ 
such that higi — fn by Theorem 14.81 In particular, we have (I). 

(II) This follows from Proposition [ITTl 

(III) This is clear from a property of triangles and exact sequences. 

(IV) Since no 2-cycle starts at the vertex k, we have ^ (addC/a) H (addC/^o)- 

Since {T*,T*) ^ {T^Mo) ^ iTk,Ti) is exact, we only have to show that 

{T^,Uii) {T^,T*) is surjective. This is clear for the case Theorem 15.11 since 
we have Extc{T*,Ti) = 0. 

We consider the case Theorem 15.21 Fix any p G Iioni\{T^,T*). Since 

{T,T,) ^ {T,U.a) ^ {T,T*) ^ is exact by Proposition [Otc) , there exist 
q G HomA(?7fei, Un) and r G IIomA(Tfc, Ti) which make the diagram 

^Tk^Uki^n 

r q P 

Ua T* 

commutative. Since — > {T^,T) {Uki,T) JmodA{Tk,T) ^ is exact 

by Proposition ll.Sr c). there exist s G Ilom\{Uki,Ti) such that r — fk2S and t G 
HomA(Tj!', C/ji) such that q — sfi2 + hkt. Then we have hk{p — thi) = 0. By 
Proposition 1 1 . 3f b) . we have p = thi. O 

Proof of Theorem \5.3[ Let (Q', W) = Jlk{Q, W). By Lemma we can define a 
iC-linear functor $' : KQ' C in the following way. 

(i) coincides with <i> on Q n Q'. 

(ii) Let $'[a6] = ^a^b for each pair of arrows a: i ~> k and b: k ^ j in Q. 

(iii) Let $'fc* = T*, and $'a* (e(a) = k) and $'6* (s(6) = fc) are defined by 

a^Qi, e{a)—k 

'^'{ib*)beQ^,sib)=k) = -hk e C( T,(,),r,*) 

beQi, s(f))=fe 

which are given in (I). 
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We simply denote <^'p by p for any morphism p in KQ' . 

To prove Theorem 15.31 we only have to show the following result by Theorem 
Ii3i;c)^(a). 

Proposition 5.5. Any vertex i in Q' has the following right 2-almost split sequence 
in add /ifc (T) . 

Teid) > ^ Ts^c) > T,. 

d&Q'i, s{d)=i c^Q'i, e(c)=i 

We divide our proof of Proposition 15.51 into Lemmas 15.71 15.81 and 15.91 We need 
the following information about mutation of QP's. 

Lemma 5.6. Let {Q,W) be a QP and {Q' ,W') — Jik{Q,W). Let a and a' be arrows 
in Q with e{a) = e(a') = k, let b and b' be arrows in Q with s{b) = s{b') = k, and 
let c and c' be arrows in Q DQ' . Then we have the following equalities. 

(a) a(e.c')W^' = a(,,,,)[W^]- 

(b) d(^a',c)W' = andd(^,,b.)W' = 0. 

(c) d,^c.[ab])W = d(^c.[ab])[W] and d(^[ab].c)W = d(^[ab].c)[W]. 

(d) d(^a'.[ab])W' = b* and df^^u ^ Q if a ^ a' . 

(e) d(^ab\.b')W' = a* and ^^u^W = Qifb^b'. 

(f) 9(6.,,.)!^' = H]. 

(g) d^yabUa'b'])W' = 0. 

(h) For other pairs d,d' G Qi, we have d(^d,d')W' = 0. 

Proof. Immediate from the definition W' — [W] + A. □ 
Lemma 5.7. We have the following right 2-almost split sequence in add /ife(T). 

Ts(a) > ^ r^ffc) > . 

aeQi, e(a) = k bGQi, s{b)=k 

Proof. By our definition of <!>', we can write the above sequence as 

TT fkofk2 rr rr^ 

Uko > Uki > Tfe . 

This is a right 2-almost split sequence by (II). □ 

Lemma 5.8. For a vertex i in Q' with i ^ k* , assume that there is no arrow i k 
in Q. Then i has the following right 2-almost split sequence in add/ife(r). 



( n) 



( Ts^a)) 



3( T^id)) ©( T^ic)) 

ceQi 

e{c)—i 



s{d)—i s{c)^k 



Proof. This is a complex since we have 

J2 oeQi a*[ab] = J2 aeQi {a*a)b = gkfkob = 

e{a)—k e{a) — k 

Ea,beQ^ id^labU)m)[ab]+Y: .^Q, (^(e,,^) [T4^] )c = ddW = 0. 
e{a)—k s{c)^k 
b: k—ti e(c)=i 

To simplify notations, we decompose C/io = ® C^/o with Tk ^ add [//q and write 



iO 
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Then we have the following exact sequences by (III) and (IV). 



{MT),m ^ (/ifc(r),c/fco) ^ (Mfe(r),T,.), 



(13) 



(A^fc(T),c/,i) (A*fc(r),T,^©c/;^) (Mfc(r),r,), (i4) 



We can write our sequence as 



Ti 



where tf^^ = //^ holds. 

(i) We will show that (^?// is right almost split in add/^A;(T). 

First we will show that any morphismp £ Jc{T/Tk,Ti) factors through ( 
Since fio = (•^',?) is right almost split in addT, there exists (pi P2) e C{T/Tk,T^ © 
C/j'q) such that p = pi//o +P2/io- Since /fco is right almost split in addT, there 
exists q G CiT/Tk, UIq) such that pi = qfl„. Then we have p ^ (q P2){^hn'°)- 



T/Tk 




Next we take any p £ Jc(T^, Ti). Since is left almost split in add /ife(r), there 
exists q G C{Uka,Ti) such that p — gtq. Since Tfc ^ addt/ii, we have Ti ^ addJ/feo- 
Thus q G Jc{UkQ, Ti) holds, and the first case implies that q factors through 



Hence p factors through (•^''"/,^°) 

ho ' 




(ii) We will show that is a pseudo-kernel of {^"^"f") in add^fe(r). 

Assume (pi P2) G C(Aifc(T), C/^g © C//^) satisfies {pi P2)(^")',f''') = 0. Since 

{Pi P2){^1° i)(/'') ^ holds and ((111) is exact, there exists q G C{iik{T),Uii) such 

that (7(/;i f[[) = (pi P2)(-^^'' Hence we have qf[^ = pifl^ and = p2- Since 
[Pi - <lt)fko = - ^//i = and (O is exact, there exists r G C{^.k(T),Tf) such 
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that pi 



- qt = rgl- Then we have {pi P2) = (r q){^^ ^„)- 
.(T) 




□ 

Lemma 5.9. For a vertex i in Q' with i ^ k* , assume that there is no arrow k ^ i 
in Q. Then i has the following right 2-almost split sequence in add/Xfe(T). 



( TeC)) 
a,beQi 
s{b)=k 
a : i — 

deQi 

s{d)=i 



{b*)b {d(c,[ab])lW])(a,b),c 
{dic,d)[W])d,c 



( n) 



a : i^k 



K 



ceQi 

e(c)=i 



-/fel + fkl = 0, 



Proof. The sequence is a complex since we have 

{b*a* + X; cGQi (9(c,[a6])[W^])c)(a,6) = -hk9k + (9(a,6) W^)(a,6) 

e(c)=i 

Ecegi {d^c,d)[W])c = ddW = 0. 

e{c)=i 

To simplify notations, we decompose Un = T^^ Ul[ with ^ add Ul[ and write 
Then we have the following exact sequence by (IV). 



fil 



iO- 



(15) 



We can write our sequence as 



A" 



Tt 



> Uio 



where fl^t = fa holds. 

(i) We will show that the map 

s = {a*)a: {C/Jc){n,Tf) ^ {Jel Jla^^,(T)){n,T{) 

is bijective. By the assumption (C2), wc have K = {C / Jc){Tl,T^). By (II), we 



have that g 



Tt 



€Ql, e{a)=k 



Ts(o) is minimal right almost split in 



add/Ufe(T) since the middle morphism fkofk2 in the sequence in (II) belongs to 
Jc- Thus we have that {Jc / Jl^i^i ^,^^j'))^'^k - "^i) ^ -fl'-vector space with the basis 
{a* \ a: i ^ k}. Thus the above map is bijective. 

(ii) We will show that is right almost split in add/ifc(T). 

Since /io is right almost split in addT, any morphism in Jc{T/Tk,Ti) factors 



through (^J. Then take any p G Jc{T*,Ti). By (i), there exists pi € C{T*,T*^) 

(T^,Ti). Since g is left almost split in add/Xfe(T) 



V/,0 

such that p — p\s G J; 



add /ifc(T) 

by (II), there exists q € Jc{Ti,Uki) such that p — pis = gq. Since fio is right 
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almost split in addT, there exists r G C{Uk(), Uio) such that q = rfiQ. Then we have 
p=Pis + grf,o = (ai gr){/.J- 




(iii) Wc will show that ( ^'y* ) is a pseudo-kernel of (^J'J in a,dd ^k{T). 

Assume (pi pz) e C{T' ,T*'^ ®Um) with T' e add^fe(T) satisfies {pi P2){/J = 0. 
We first show that there exists q G C{T',Ul-^) such that pi = q/i^. Since hk is 
right almost split in add /ifc(T) by (II), we only have to show pi € Jc- We have to 
consider the case T' = Tjf. Since pis = —p2fio € ^addAifc(T)' have pi € Jc by (i). 

Since {p2 + qt),fio ~ Pifm + "Z^^s = P2/io +Pi5 = and is exact, there exists 
(gi gs) e C(r, T^^ © [//J) such that P2 + qt = {qi g2)(J|). Then p2 = -qt + qif^ + 

q2lii = {-q+qili2)t+<l2.fii holds. Thus we have (pi pa) = {-q+QifL^ 92) ("o''/| ) ■ 




We finish the proof of Theorem l5.3l By Proposition [STSl we have Endc(/^fc(r)) — 
ViQ',W'). By [DWZll Theorem 4.6], we have P{Q',W') ~ V{^ikiQ,W)). □ 

We have the following direct consequences of Theorems 15.11 and 15.21 

Corollary 5.10. Let C be one of the following categories. 

(a) C is a 2- CY triangulated category with a basic cluster-tilting object T. 

(b) C = mod A for a 3-CY algebra A with a basic tilting A-module T of projec- 
tive dimension at most one. 

If^ridciT) ~ ViQ, W) for a QP {Q, W), then for any sequence fci, . . . , /c^ of vertices 
in Q such that ki does not lie on a 2-cycle in o • • ■ ^^liQ, W), we have 

ET^dc{^ikt o ■ ■■ o iikiiT)) ~ V(pLki, o • • ■ o ^ik^{Q, W)). 

Remark If C is a 2-CY triangulated category with cluster structure and Endc(r) 
is Jacobian, then none of the Jacobian algebras in the same mutation class will 
have 2-cycles in their quivers. Hence they are all non-degenerate QP's in the sense 
of |DWZ1| . 

The next result is of special interest. 

Corollary 5.11. Any cluster-tilted algebra is isomorphic to a Jacobian algebra of 
a rigid QP. 

Proof. We here use Theorem lS.ll and the fact that any cluster-tilted algebra belongs 
to the same mutation class as a hereditary algebra, which is trivially given by a 
QP. That the QP is rigid follows from [DWZlj . □ 



26 



BUAN, lYAMA, REITEN, AND SMITH 



It is not known in general whether the algebra Endc(T*) can be defined directly 
from the algebra Endc(T') when T* is a cluster-tilting object in the triangulated 
2-CY category C obtained from the cluster tilting object T by mutation. When the 
potential {Q' , W') is obtained by mutation from the potential {Q, W), it is also not 
known if the Jacobian algebra 'P{Q', W) can be defined directly from the Jacobian 
algebra ViQ^W). 

However, we can prove this for Jacobian algebras of Jacobi-finite QP's by the 
following result together with a result of Amiot A]. We call a QP {Q,W) Jacobi- 
finite if the factor algebra KQ/ {daW \ a E Qi) of the ordinary path algebra KQ is 
finite dimensional j^. This condition implies that V{Q, W) is finite dimensional. 

Theorem 5.12. Let A be an algebra isomorphic to a Jacobian algebra Vi^QjW) 
for some QP {Q, W) and to a 2-CY-tilted algebra Endc(r) for some cluster-tilting 
object T in a 2-CY category C. Assume k is a vertex in Q not lying on any 2-cycle. 

(a) The Jacobian algebra 'P{fik{Q, W)) is determined by the algebra A and does 
not depend on the choice of a QP {Q,W). 

(b) The 2-CY-tilted algebra Endc(/^i;(T)) is determined by the algebra A and 
does not depend on the choice of a 2-CY category C and a cluster-tilting 
object T. 

Proof. This is a direct consequence of Theorem 15.11 □ 

The following gives a partial answer to Question 12.2 in |DWZ1| . 

Corollary 5.13. LetV{Q,W) be a Jacobian algebra of a Jacobi-finite QP. Assume 
k is a vertex in Q not lying on any 2-cycle. IfV{Q, W) ~ V{Q' , W) for some QP 
iQ'.W), then Qo-Qo and V{^ik{Q,W)) ^ V{^ik{Q' ,W')). 

Proof. Clearly we have Qo ~ Q'q. The second assertion follows from Theorem 
I5.12r a) and the fact that any Jacobian algebra of a Jacobi-finite QP is a 2-CY- 
tilted algebra . □ 

We end this section with using the results in this section to give an alternative 
proof of the following. 

Corollary 5.14. Cluster-tilted algebras are determined by their quiver. 

Proof. If a cluster-tilted algebra A has an acyclic quiver Q, then A is isomorphic to 
the path algebra KQ by ABS| [KRl] . in particular it is determined by its quiver. 

Assume that Ti and T2 are cluster-tilting objects in the cluster categories Cg^ 
and respectively, such that the associated quivers are isomorphic. Let fi = 
fJ-ki o ■ ■ ■ o fiki be a sequence of mutations such that for the projective A'Qi-module 
KQi we have ^{KQi) ~ Ti, and hence /i(Qi) ~ Qti- Then let T be the cluster- 
tilting object in Cq^ such that fJ.(T) ~ T2 and hence ^i{QT) — Qt2- Then Qi ~ Qt, 
and hence KQi ~ Endc^ {T). Since cluster-tilted algebras are QP's by Corollary 
[QTI it follows from Theorem [HH^b) that Endci(ri) Endc2(T2). □ 

Remark It follows from the work in [DWZlj that if A = V{Q, W) is a Jacobian 
algebra given by a rigid potential (Q, W) where Q belongs to the mutation class of 
an acyclic quiver, then A is determined by its quiver. Since by CoroUarv lS.llI anv 
cluster-tilted algebra has this property, this gives yet another way of seeing that 
cluster-tilted algebras are determined by their quiver. 

6. 2-CY-TILTED ALGEBRAS ASSOCIATED WITH ELEMENTS IN COXETER GROUPS 

In this section we show that a large class of 2-CY-tilted algebras, including the 
cluster-tilted algebras and the class of 2-CY-tilted algebras coming from stable 
categories of preprojective algebras of Dynkin type, are given by QP's, by finding 
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an explicit description of the potentials for some of them. Hence by Theorem 15.11 
we get that all 2-CY-tilted algebras in the mutation class are given by QP's. We 
prove that these QP's are rigid in the sense of |DWZ1| . 

These 2-CY-tilted algebras come from 2-CY triangulated categories constructed 
from elements in the Coxeter groups associated with connected quivers with no 
loops, as investigated in [IRl IBIRS] . (See |GLS2j for an alternative approach to the 
construction of a subclass of these 2-CY categories). We start with recalling the 
relevant results from BIRSj , including a description of the quivers of some special 
2-CY-tilted algebras. 

Let Q be a finite connected quiver with no loops, with vertices 1, . . . , n and set of 
arrows Qi. The associated preprojective algebra over the algebraically closed field 
K is defined as follows. For each arrow a € Qi from i to j, we add a corresponding 
arrow a* from j to i to get a new quiver Q. Then the preprojective algebra is defined 
by 

A = KQ/{Y^ {aa* ~a*a)). 

aeQi 

We shall write (a*)* = a, and e(a) = l,e(a*) = -1. 

The Coxeter group Wq is presented by generators si, . . . , s,i with relations SiSj — 
SjSi if there is no arrow in Q between i and j and SiSjSi — SjSiSj if there is precisely 
one arrow in Q between i and j. Let w be an element in the associated Coxeter group 
Wq, and w — ■ ■ ■ a reduced expression, where the ui, . . . , Um are integers in 
{1, . . . , n}. For each integer i in {1, . . . , n}, consider the ideal li = A(l — ei)A in A, 
where ei denotes the trivial path at the vertex i. Let 1^, = 1^ ■ ■ ■ lu^ , and let = 
A/Ju,. Then and A^, are independent of the choice of reduced expression for w, 
and Atu is a finite dimensional /C-algebra. Denote by SubA^, the full subcategory 
of mod Au, whose objects are the submodules of finitely generated projective A^,- 
modules. We have that the injective dimensions idA^A^, and idA^A„ are at most 
one, and hence the stable category C = Sub A,,, is a Horn-finite triangulated 2- 
CY category [H] . Associated with each reduced expression • • ■ Su^ of w is the 
object T = A//„j ® K/Iu^Iu^ © • • • © A//„j • • • 1^^ in Sub A^. Consider the algebra 
EndA^ (r) and the associated 2-CY-tilted algebra Endc [T) . Alternatively we can 
write T as a sum of indecomposable objects 

T = Ti © T2 ©•■•© Tm 

p p p 

~ I^^P^^ ^ iIu,Iu,)Pu, ^ * iI^,Iu,-Iu^)Pu^' 

where Pi is the indecomposable projective A-module associated with the vertex i. 
The structure of Ty is determined by the sequence of integers ui, . . . , Uy. Let Ky_i 
be the smallest submodule of P„„ such that Pu^/Ky^i is a sum of copies of Sy^ (in 
this case only Su^). Then let Ky^2 be the smallest submodule of Ky^i such that 
Ky^i/Ky^2 is a sum of copies of Su^_^ etc. Then Ty = Py^/Ky^y. 

We also recall jBIRS] the following description of the quiver Q' — Q{ui, . . . , Um) 
of EndA(r). The vertices are 1, 2, • • • ,m ordered from left to right. We often denote 
the vertex v by iy if it is the r-th vertex of type i. In this case we write |v| — v. 
There are two kinds of arrows in Q' . 

(i) Arrows going to the left: For two consecutive vertices of type i, for I < i < 
n, draw an arrow from the right one to the left one. 

(ii) Arrows going to the right: For each arrow i j in Q, draw an arrow u ^ v 
whenever the following is satisfied 

- u is of type i and v is of type j 

- there is no vertex of type i between u and v 

- if there is a vertex v' of type j after w, then there is a vertex of type i 
between v and v' 
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The following picture gives an illustration. 




Example We give a concrete example. Let Q be the quiver 1 ^ 2 ^ 3 , and let 
w — S1S2S1S3S1S2S3S1S2S3S2 be a reduced expression. The associated object T in 
SubA^ is the following. 




Recall that the corresponding maps are given as follows. 

Lemma 6.1. (a) Let V-i be an arrow in Q' going to the left. Then the 
map Ti^ A Ti^ j is given by the natural surjection. 

(b) Let ir is be an arrow in Q' corresponding to an arrow i ^ j in Q. Then 
the map Ti^^ Tj_, is given by multiplication with b. 

For each i, the last (i.e. rightmost) vertex of type i corresponds to the indecom- 
posable projective At„-module j^'p . By dropping the last vertex of type i for each 
i — 1, . . . , 71, where possible, we obtain the quiver Q' — Q{ui, . . . , Um) of Endc(r) 
from the quiver Q' of EndA(T), and T is a cluster-tilting object in Sub A,,,. 

Our aim is to show that the 2-CY-tilted algebra Endc (T) is a Jacobian algebra 
ViQ'jW), by giving an explicit description of the potential W. For each arrow 

V js in Q\ we let Wb ~ e{b)bb*p if there is a (unique) arrow jg ~^ it in Q' , where 
p denotes the path it it-i ■ ■ ■ ^ ir- Otherwise we let Wb = 0. Then let 

W = ^Wb. 



Our strategy is to show that all the relations daW are satisfied for Endc(r), and 
then apply Proposition gil] to show Endc(T) ~ 7'(Q', M^). 
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Example Again we consider the above example. Deleting vertices I4, 83 and 24, 
we have the quiver Q{1, 2, 1, 3, 1, 2, 3, 1, 2, 3, 2) as follows. 




The associated potential is given by 

W = aia*p3P2 - a^a392 + hKl^ - Kb2r2 + 62^293 " C2C1P3 + Ciclr2. 

Let us start with the following information. 

Lemma 6.2. Let ir — > V-i be an arrow in Q' going to the left. For any arrow 

i j in Q, there exists a map Ti^._-^ — * T^^ of A-modules given by multiplication 
with bb* . Moreover precisely one of the following holds. 

(a) There do not exist vertices iu and jt in Q' satisfying \i.J\ < \jt\ < \ir\- In 
this case the map Ti^_-^ — * Ti^ is zero. 

(b) There exists a path i^ A -^^-s- i^ in Q' with u<r — l<r<v. In 

this case such a path is unique, and the map Ti^_-^ — > Ti^ is equal to the 

composition Ti^_-^ ^ Ti^ Tj^ ^ Ti^, T;^ where p denotes a path 
ir-i — > ir-2 g denotes a path i„ — + iv-i ■ ■ ■ ir- 

Proof We can write T,^_^ = PjIPi and T.,^ = P,/{n'Ii)P^, where /' is a product 
of ideals /i, • • ■ , except li. Then we have bb* £ I'li. Thus we have Ibb* C II' li, 

and the map T,^ is well-defined. 

(a) Since bb* is zero in Ti^ , we have the assertion. 

(b) The uniqueness of the path is clear from the definition of Q' . The latter 
assertion is clear from Lemma 16.11 □ 

We now show that the 2-CY-tilted algebra Endc(r) satisfies the relations for the 
Jacobian algebra V{Q' , W). 

Proposition 6.3. daW belongs to the kernel of the surjection KQ' Endc(r) 
for any arrow a in Q' . 

Proof. There are two cases to consider. 

(1) Consider an arrow v js going to the right in Q' . If there is an arrow 

js it in Q' , we have the cycle e{b)bb*p as part of the potential W, where p is 

the path it it-i —>■■■■ ^ ir- And if there is an arrow ju ir in Q' , we have 
the cycle e(b*)b*bq, where q is the path js js-i ■ ■ ■ ^ ju- The relation dbW 

corresponding to the arrow v ^ js is one of the following four possibilities up to 
sign. 

(i) b*p — qb* , if both js ^ it and ju — > ir exist, 

(ii) b*p, if js ^ it exists, but not ju ir, 

(iii) qb*, if ju ~* ir exists, but not js it, 

(iv) 0, if neither js it nor ju ir exist. 
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In each case, both Tj^ ^ T,^ and Tj^ T^^ are given by multiplication with b* 
by Lemma [6.11 Thus the cases (i) and (iv) are clear. For the case (ii), there is 
no vertex j„ of type j satisfying |j„| < Since then Ti^, has no composition 

factor Sj, we have that Tj^ — ? T^^, is zero. For the case (iii), there exists an arrow 

js — > it in Q' such that 7^^ is a projective A„-module. Thus Tj^ Tj^ is equal to 

Tj_^ ^—S Ti^ which is zero in C. 

(2) Consider an arrow v — * V-i going to the left in Q' . 

By definition of W we have 

b 

where h is an arrow in Q satisfying the condition in Lemma [6.2r b) and the additional 

condition that the path pbb*q is in Q' . In this case the map Ti^_^ ( }p_^ i 
given by multiplication with e{b)bb* by Lemma l6.2f b). 

If b is an arrow in Q satisfying the condition in Lemma l6.2f b) and the path pbb*q 

is not in Q' , then the map Ti^^^ ' Ti^ is zero in C and equal to the map which 

is multiplication with e{b)bb*. 

If b is an arrow in Q which does not satisfy the condition in Lemma l6.2r b). then 

the multiplication map T^^ ^ Ti^ is zero by Lemma l6.2f a). 

Consequently the map T^^ ^ Ti^ is equal to multiplication with X^beg^ £{b)bb* , 
which is zero by the definition of the preprojective algebra. □ 

Now we are ready to prove the main result in this section. 

Theorem 6.4. Let Q be a finite quiver without loops and Wq the Coxeter group 
associated with Q. Let A be the preprojective algebra over the algebraically closed 
field K and w S Wq . Let T be a cluster-tilting object associated with a reduced 
expression of w in the 2-CY triangulated category C — Sub A,,, . Then the 2-C'Y- 
tilted algebra Endc(T') is given by the QP (Q', W) above. 



Proof. By Proposition l6.3l we have that Endc(T) is a factor algebra of the Jacobian 
algebra V{Q' , W). We want to apply Proposition 14.61 

We first claim that each cycle C in ly is full. Recall that C is of the form 




There are no more arrows between the vertices of type i in C . Further v is the 
unique vertex of type i where there is an arrow from js, and i^ is the unique vertex 
of type i with an arrow to js. This shows that C is full. 

For any cycle C of and any arrow a in C, it is clear from the definition of W 
that the path daC determines a. Hence for any distinct arrows a and b contained in 
cycles of ly, we have that daW and dbW do not have common paths. Consequently 
the daW for all arrows a contained in cycles of W are linearly independent over K . 

Since F = Endc(r) is 2-CY-tihed, it follows from [KRl] that dimA' Extr(S', S') < 
dim^- Extp(S", S) for simple Endc(T)-modules S and S' . It now follows from Propo- 
sition that Endc(T) is isomorphic to the Jacobian algebra V{Q' , W). □ 



Since the 2-CY categories Sub A,,, with the cluster-tilting objects determine a 
cluster structure [BIRS] . we have the following consequence of CoroUarv lS.lOl 
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Corollary 6.5. With the previous notation, all the 2-C'Y-tilted algebras belonging 
to the mutation class of cluster-tilting objects associated with reduced expressions 
are given by QP's. 

We now show that the potential W is rigid. 

Theorem 6.6. With the previous notation, the potential W on Q' is rigid. 

Proof. Let C be any cycle in the quiver Q' . We want to show that C belongs to 
J{W) up to cyclic equivalences. 

We say that a vertex u in C is a right turning point if an arrow in C going 
from left to right ends at v, and an arrow in C going from right to left starts at 
V. Then define r(C) = 3'"', where we sum over all right turning points v of C. 
Consider a vertex i^ on C, with minimal. Consider the last right turning point 
iv preceding and let js iv be the preceding arrow in C. Since < \js\ < \iv\, 
we can choose ir with |v| < \.js\ < 

Assume first that there is some jt with \jt \ < \ir\. Then there is an arrow jt —>■ ir 
if jt is chosen with \jt \ largest possible. We have the following subquiver of Q': 




The composition js — ^ iy —> iv-i ^ ir coincides with the composition 

js ~> js-i • • • ^ Jt ~* V by Lemma 16.11 So we replace the first path by the 
second one to get a new cycle C satisfying C — C £ J{W). The right turning 
point iy in C is replaced by at most two right turning points ir and js in C, 
where |v| < \iv\ and |js| < \iy\, and hence S'*''! +31^^' < S'*"'. This shows that 
r(C") < r{C), and we are done by induction. 

Assume now that there is no jt with \jt\ < Then Ti^ has no composition 
factor Sj, so the composition T^^ ■ ■ ■ ^ Ti^ must be 0. Hence C G J{W) in this 
case. □ 

Note that it follows from |DWZ1] that all the potentials in the mutation class of 
(Q', W) are rigid, and hence we obtain a large class of rigid QP's. Some examples 
of rigid QP's where the quiver Q is not mutation equivalent to an acyclic quiver 
were given in |DWZ1| . 

We end this subsection with a similar description of the (non-stable) endomor- 
phism algebra EndA(r) for a cluster-tilting object T in the 2-CY Frobenius cate- 
gory Sub Ky, associated with a reduced expression of w. For this we shall generalize 
Jacobian algebras of QP's. 

Definition 6.7. We call a triple [Q^W^F) a QP with frozen vertices if {Q:W) is 
a QP and F is a subset ofQo. We define the associated Jacobian algebra by 

V{Q,W,F)=KQ/JiW,F), 

where J^{W, F) is the closure 

J{W, F) = {daW I a e Qi, s{a) ^ F, e{a) i F) 

with respect to the Jj^-adic topology. 

Let w — Sui • ■ ■ Su„ be a reduced expression. Let T be the associated cluster- 
tilting object in Sub and Q' — Q{ui, • ■ • ,Um) the associated quiver. We define 
a potential W' of Q' as follows. For each arrow ir js in Q', we let — e{b)bb*p 
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if there is a (unique) arrow js it in Q' , where p denotes the path it it-i 
• • • —^ir- Otherwise we let — 0. Then let 

beQ[ 

Let F be the set of vertices in Q' which is not contained in Q'. Then we have a 
QP (Q', W\ F) with frozen vertices. ~ 
We have the following analogue of Theorem 16.41 

Theorem 6.8. EndA(T) is isomorphic to V {Q' ,W' , F) . 

We omit the proof since it is quite similar to that of Theorem 16.41 

7. Nearly Morita equivalence for neighboring Jacobian algebras 

Let T be a cluster-tilting object in a triangulated 2-CY category C, and T* = 
HkiT) another cluster-tilting object obtained by mutation. Then we have a nearly 
Morita equivalence between A — Endc(r) and A' = Endc(T*), that is an equiva- 
^^^^^ [^dSk] ~^ \addS' ] ' 'where Sk and 5'[. denote the simple modules at the vertex 
k [BMRll IKR1| . This generalizes the equivalence of |BGP| using reflection functors 
at sinks or sources. Since there are Jacobian algebras which are not 2-CY-tilted, it 
is natural to ask if we have a nearly Morita equivalence in general when performing 
mutations of potentials. It is the aim of this section to show that this is the case, 
when working with finite length modules. 

Let {Q, W) be a quiver with potential and A = P{Q, W) the associated Jacobian 
algebra. Denote by JlkiQ, W) the quiver with potential and A' = V{Jlk{Q, W)) the 
Jacobian algebra obtained by mutation at the vertex k. We show that there is an 
equivalence of categories ^^ddSfc] ~^ [add 5' ] ' "^here Sk and S'^ denote the simple 
modules at the vertex k. 

Our starting point is the map G from objects in f . 1. A to objects in f . 1. A' used 
in |DWZ1| . which we now recall. 

Given an A-module M and a vertex k, we let ai, Qs be all arrows in Q with 
e(ap) = k and 6i, ...,5* be all arrows such with s{bq) ~ k. We write 

s t 

Min = A4(a,) , Mout = ■ 

p=l q=l 

Let a : Afi„ — > Mk and /3 ; Mk — > A/out be the maps given in matrix form by 



a = {ai, ...,as), /3 = 




Also, using the potential W, we define a map 7 : Afout 

I 71,1 • ■ ■ lid \ 

7= i ; 

V 7s, 1 • ■ ■ ls,t I 

where 7p^g = 9(ap,6<j)W^ in the notation of section[31 Thus, locally, we get a triangle 




Mn Afout- 
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Note that ^p^q is a linear combination of paths in Q from e(feg) to s{ap), and that 
there may be other paths from Mout to 

Now, starting with Af, we define a representation M of A' = V(jlk{Q ,W)) as 
follows: first, we let i: Ker7 Mout be the inclusion and ip: Kera the 
natural surjection, and choose two K-Vme&v splittings, 

p: Mout Ker7 such that ip — idKcr7, ^'^'^ 

(T : ^SL2. Ker a such that aw — id Ker e. . 

Then, locally, the representation M is given by: 




where 



- — Ker T Ker (y. — 

Mk^-i — ^®Im7®- , a = (-/97r,-7,0) and (3^ 

im p im 7 







where l: Im7 Ker a is the natural injection and tt: Ker 7 -^^^ is the natural 
projection. 

By |DWZH Proposition 10.7], this makes M a representation of A'. Moreover, 
by ^WZl, Proposition 10.9], the isomorphism class of M does not depend on the 
choice of the splittings p and a. 

We next want to define an associated map on morphisms. Assume that we have 
two representations M and M' of A, and a map f:M^ M' , that is locally a 
commutative diagram 
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We want to define a map M M'. To do so, we need to define a map fk ■ Mk —>■ Mj^ 
such that the squares of the following diagram commute: 




7 



Remeirk Prom the first diagram we have induced maps Ker7 Ker7', Kera — > 
Kera', Im7 ^ ImV, Imp ^ Im/3', ^ and ^ ^ This again 

induces componentwise a natural map Mk M^. However, this map turns out 
not to work for our purposes, as the following example shows. 

Example Consider the Jacobian algebra 'P{Q, W) given by the quiver 




and the potential W = a(3-f. Then iJ.k{V{Q, Wj) — {Q, W), where Q is the quiver 




• 3- • 



and W is the the potential [ap]'y + [a/3]a/3. Consider a nonzero map between 
V{Q, W^)-modules 








K 0^ K 

id 

The image of this map in f . 1. P{Q, W) would be 

{0,K,0) {0,0, K) 




id 



where h is the zero-map, which indicates that this is not the map we are looking for. 
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In view of the above, we now proceed to define a new map. Considering the ex- 
pression 

Ker 7 ^ Ker a 

we observe that the two first terms extend to Cok /3, while the two last terms extend 
to Ker a. We have a natural induced map Cok/3 — > Ker a. Taking these features 
into account we consider the knitting of short exact sequences 



0- 



Ker 7 
Im/3 



•Cok/3- 
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Ker a ■ 



Ker g 
Im 7 



-^0 



Im7 



Moreover, i: ^ ^ Cok/3 and 7: Cok/3 ^ Im 7 are the induced maps. 

Considering the induced map p: Cok/3 we get a knitting of (JC-split) 

short exact sequences 



Ker 7 
Im/3 



:± Cok/3 ■ 



■ Ker a '■ 



Im 7 



-^0 



Im7 



0' '0 
where the maps j and e are induced from the splittings p and a respectively, so 
that idcok/3 =pi + jj and idxera = £t + <^cr. 
The idea is then to use the diagram 

Ker a 



Im 7 



Im7 



Ker a - 

■ A 

I - 

I 

Cok/3- 



fin 





Ker a' 




Im 7' 


Ker a' , 


e 






yi ; 


Im7' 


Cok/3' 


® 


A)' 


Ker 7' 




Im/3' 



Ker 7 i 
Im/3 

where fout is the induced quotient map and where the middle part commutes, that 

is ^ 

L O fin oe' =jo fout O 7'. 

We let 



fk= \ jo fout O p' 





i o fout 07' 

L O fin oe' i O fin 0(^' 
(T O fin oe' a O fin Oip' 



i o fout o P' 









i o fout op' to fin oe' 

cr O fin oe' a O fin 0(^' 

since c o fin o(p' = and i o f^ut o 7' = 0. It is however often convenient to use the 
first expression of fk- 
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We need to verify that P <=> iin = fk ° P' and ao fk = fout . 
First, 




i o ^ op' io fout 07' 

i O fout op' to fin oe' O fin O'/'' 

Cr O fin oe' fT O fin 0(p' 



b O fin o(£' O t' + ip' O a') 

a o fin o(e' o i,' + tp' o a') 


tofii, 

(T O fj, 
= /3ofin 

On one hand, we have 

fout oa' = (- fout op' o tt', - fout 07', 0). 

On the other hand, 

(«o^op^ 

3 o fout op' Lo fin oe' 
cr o fin oe' a O fin 01^' 

= (-p O TT O i O fout O p' - 7 O j O font O p', -7 O (, O fin oe', 0) 

Since —7 o t, o fin oe' = —7 o fin ol' o e' = —7 o fin = — fout 07', it suffices (to get 
5 o //j = fout oa') to show that 

-p O TT O i O fout O p' - 7 O j O fout O p' = - fout op' O tt'. 

But, by the definition of p and 7, the diagrams 



M„ 



— 9- Ker 7 and Mout ^ Im 7 




Cok/3- 



Kcr 7 
Im /3 



Cok/3 



are commutative (where, by abuse of notation, we also denote by tt the natural 
projection Mout ^ Cok/3). Therefore, 

-po7roiofoutop'-7ojofoutop' = -(p o tt o i + 7 o j) o font j^' 

= -(tt O p O i + TT O 7 O j)l_0 fout o p' 

= -TTo{poi + 70J) ojout O p' 

= -• TT O idcok/3^0 fout O p' 

= -TT O fout O p' 

= - fout op' O tt' 

where the last equality follows from the commutativity of 



Mout^^M^nt 



• Ker 7' 



Cok/3- 



. Cok/3' 

Note that the image / apparently depends on the choice of the choice of splittings 
p, cr, p' and a'. However, we only aim to show that we obtain a functor f. 1. A — > 

f.l. A' 
[addS^]- 
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In [DWZ1| it is proved that different choice of splittings will give isomorphic 
objects, and for each vertex j fc, the isomorphism is given by id: Mi Mi. 
Therefore, different choices of splittings will give maps which are equal in g/ j ■ 

So, we get a well defined map of morphisms from f. 1. A to -pg^j^Ty- 

We next want to show that the definition of G on objects and morphisms from 
f . 1. A to j g/ J actually gives rise to a functor, and that we get an induced equiv- 
alence 



f.l.A f.l.A' 
[add^fc] ^ [add^g' 



We first observe that for M in f. 1. A we have F(idM) — idFM- This follows from 
a(p = idKcro ,Tp = idKc^ and le = idim^. Then, let /: M -> M' and /': M' M" 

be two maps in f . 1. A. We will compare / o /' and / o /'. By construction, these 
maps are obtained from the following diagrams: 
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and easy computations show that, locally, the morphism / o /' — / o /' is given by 

Ini7r^ Kora 



Kcr 7 

/3 



Im 7 




where Fk 



Therefore, the image of / o /' - 







a o fjji o e' o j' o fout op" 
/ o /' lies in add 5^, showing that we have a functor f . 1. A ^ [add s' ] • 
We have F{Sk) — 0, hence there is a functor 

f.l.A f.LA' 
[add^fc] ^ [add 5^]' 

We now verify that this functor is an equivalence. By (the proof of) [DWZ1|, 
Theorem 10.13], this functor is a bijection at the level of representations: in partic- 
ular it is dense. To show that it is a bijection at the level of the morphisms, suppose 

that we have a morphism of representations as in diagram (|16p . By construction / 
is of the form: 



Mk 




M 



fin 




5/3 



Ml 



M' 





fout 



By jDWZl| . M is isomorphic to the reduced form /ife(M) of Al . To obtain this 
reduced form, one applies three steps; see |DWZll Theorem 5.7, Steps 1-3]. It 
turns out that only the first step has an impact on a, (3 and 7, and this modification 
consists of changing the map (3 to —(3. So, applying these steps does not change 

the commutativity of the above diagram, saying that after the reduction, / is still 
a morphism for the reduced representation. 

Now, since / — / is (possibly) not zero only at position k, then / and / coincide 



f.l.A 



showing the bijection at the level of morphisms. 



[addSfc] 

Hence we have proved the following. 
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Theorem 7.1. The Jacobian algebras A = V{Q,W) and A' = VinkiQ^W)) are 
nearly Morita equivalent. 

For Jacobi-finite QP's this result can be obtained with a very different approach 
by combining the result of [Aj saying that these algebras are 2-CY-tiltcd with the 
corresponding result for 2-CY-tilted algebras [BMRli IKRl] . 
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